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Dynamical nature of the gauge degrees of freedom and its effect to fermion spectrum are studied at β = ∞ for
two- and four-dimensional nonabelian chiral gauge theories in the vacuum overlap formalism. It is argued that
the disordered gauge degrees of freedom does not contradict to the chiral spectrum of lattice fermion.
1. Introduction — Pure gauge limit
In the vacuum overlap formalism[1] of a generic
chiral gauge theory, gauge symmetry is explic-
itly broken by the complex phase of fermion de-
terminant. In order to restore the gauge invari-
ance, gauge average—the integration along gauge
orbit— is invoked. Then, what is required for
the dynamical nature of the gauge freedom at
β =∞ (pure gauge limit) is that the global gauge
symmetry is not broken spontaneously and the
bosonic fields of the gauge freedom have large
mass compared to a typical mass scale of the the-
ory so as to decouple from physical spectrum[2,1].
However, through the analysis of the waveg-
uide model[3,4], it has been claimed that this
required disordered nature of the gauge freedom
causes the vector-like spectrum of fermion[5]. In
this argument, the fermion correlation functions
at the waveguide boundaries were examined. One
may think of the counter parts of these correla-
tion functions in the overlap formalism by putting
creation and annihilation operators in the overlap
of vacua with the same signature of mass. Let us
refer this kind of correlation function as bound-
ary correlation function and the correlation func-
tion in the original definition as overlap correla-
tion function. We should note that the boundary
correlation functions are no more the observables
in the sense defined in the overlap formalism; they
cannot be expressed by the overlap of two vacua
with their phases fixed by the Wigner-Brillouin
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phase convention. But, they are still relevant
because they can probe the auxiliary fermionic
system for the definition of the complex phase
of chiral determinant and therefore the anomaly
(the Wess-Zumino-Witten term). If massless chi-
ral states could actually appear in the bound-
ary correlation functions, we would have difficulty
defining the complex phase.
Our objective in this article is to argue that
the disordered nature of the gauge degrees of free-
dom does not contradict to the chiral spectrum of
lattice fermion in the vacuum overlap formalism.
For this goal, we consider the pure gauge limit
of two- and four-dimensional SU(N) nonablelian
chiral gauge theories[6,7]. The partition functions
of these theories can be written in general as
Z =
∫
[dU ] exp (−βSG)×
∏
rep.
(
〈+|v+〉
|〈+|v+〉|
〈v + |v−〉
〈v − |−〉
|〈v − |−〉|
)
. (1)
In this formula[1], |v+〉 and |v−〉 are the vacua of
the second-quantized Hamiltonians of the three-
or five-dimensional Wilson fermion with positive
and negative bare masses, respectively. |+〉 and
|−〉 are corresponding free vacua. The Wigner-
Brillouin phase convention is explicitly imple-
mented by the overlaps of vacua with the same
signature of mass.
∏
rep. stands for the product
over all Weyl fermion multiplets in an anomaly
free representation. SG is the gauge action.
At β = ∞, the gauge link variable is given in
the pure gauge form:
Unµ = gng
†
n+µ gn ∈ SU(N). (2)
2Then the model describes the gauge degrees of
freedom coupled to fermion through the gauge
non-invariant piece of the complex phase of chiral
determinants.
Z =
∫
[dg]
∏
rep.
(
〈+|Gˆ|+〉
|〈+|Gˆ|+〉|
〈+|−〉
〈−|Gˆ†|−〉
|〈−|Gˆ†|−〉|
)
≡
∫
dµ[g]. (3)
Gˆ is the operator of the gauge transformation
given by:
Gˆ = exp
(
aˆ†in {log g}i
j aˆnj
)
. (4)
In this limit, one of the possible definitions of
the boundary correlation functions is given as fol-
lows for the case of the negative mass and in the
representation r:
〈φniφ
†
m
j〉−r ≡
1
Z
∫
dµ[g]× (5)
〈−|Gˆ†
{
aˆniaˆ
†
m
j − 12δnmδ
j
i
}
|−〉r
〈−|Gˆ†|−〉r
.
Note that it transforms under the SU(N) global
gauge transformation as
〈φniφ
†
m
j〉−r −→ (g0
s
i )〈φnsφ
†
m
t〉−r(g
†
0
j
t ). (6)
2. Asymptotically free pure gauge models
As we can see from the pure gauge limit of the
original theory, the gauge average is invoked with-
out any weight for the gauge freedom except for
the complex phase of the chiral determinant. This
way of the gauge average is expected to keep the
disordered nature of the gauge freedom. In or-
der to examine the dynamical effect of the gauge
average, however, it is desirable to have control
over the fluctuation of the gauge freedom[8] by
deforming the weight of the gauge average as
dµ[g]→ dµ[g;K] = dµ[g] exp (−KSg[g]) . (7)
For nonabelian gauge groups, as we will argue,
this can be acheived without spoiling its disor-
dered nature by introducing an asymptotically free
self-coupling of the gauge degrees of freedom.
In two-dimensions, we introduce the nearest-
neighbor coupling[6]:
K
∑
nµ
Tr
(
gng
†
n+µˆ + gn+µˆg
†
n
)
,
(
K ≡
1
λ2
)
. (8)
In four-dimensions, we consider the covariant
gauge fixing term and the Faddeev-Popov deter-
minant[7], following Hata[9] (cf. [10–12]):
−
1
2α
∑
n
(
∇¯µAˆnµ
)2
−
∑
nm
c¯anMˆ
ab
nmc
b
m (α ≡ λ
2),(9)
where
Aˆnµ =
1
2i
(
Unµ − U
†
nµ
)
−
1
N
1lTr
1
2i
(
Unµ − U
†
nµ
)
,
with the pure gauge link variable Eq.(2). Mˆabnm is
the lattice Faddeev-Popov operator.
We can show by the perturbation theory in
λ (background field method) that both pure
gauge models share the novel features of the two-
dimensional nonlinear sigma model even in the
presense of the imaginary action. The model is
renormalizable (at one-loop in four-dimensions)
and λ is asymptotically free. Severe infrared di-
vergence occurs and it prevents local order pa-
rameters from emerging.
Based on these dynamical features, we assume
that the global gauge symmetry does not break
spontaneously for the entire region of λ and the
gauge freedom acquires mass Mg dynamically
through the dimensional transmutation. With
this assumption, the decoupling of the gauge free-
dom could occur as Mg ր
1
a in the limit λր∞.
In two-dimensions, an important counter ex-
ample occurs if the gauge anomaly does not can-
cel and the actual Wess-Zumino-Witten term ap-
pears in the complex action. This term causes an
IR fixed point in the beta function of λ[13]. It has
been shown to be true also in the vacuum overlap
formalism[8]. The fixed point theory is equiva-
lent to the free massless fermion with the chiral
SU(N) symmetry[13] and this simply means the
failure of the decoupling of the gauge degrees of
freedom. It is interesting to note the possibility
that the nature of the pure gauge dynamics could
distinguish the anomaly-free chiral gauge theory
from anomalous ones.
33. Boundary correlation function
The asymptotic freedom allows us to tame
the gauge fluctuation by approaching the critical
point of the gauge freedom. There we can invoke
the spin wave approximation for the calculation
of the invariant boundary correlation function
〈φniφ
†
m
i〉−r, (10)
which is free from the IR divergence. At one-loop
order, we obtain
1
2
δnmδ
i
i − S
v
−(n−m)δ
i
i
− λ2
∑
r
Sv−(n− r)
[
〈pirpim〉
′Sv−(r −m)
]
δii
+ λ2
∑
r,l
Sv−(n− r)× (11)
[
〈pirpil〉
′Sv−(r − l)
]
Sv−(l −m)δ
i
i +O(λ
4),
where
Sv−(n−m) =
∫
dDp
(2pi)D
eip(n−m)
1
2λ−
× (12)(
−m0 +B(p) σµ sin pµ
σ†µ sin pµ m0 −B(p)
)
,
B(p) =
∑
µ
(1− cos pµ) , (13)
λ− =
√∑
µ
sin2 pµ + (B(p)−m0)2, (14)
and
〈pinpim〉
′ =
∫
dDp
(2pi)D
eip(n−m) − 1(∑
µ 4 sin
2 pµ
2
)D/2 . (15)
It turns out that the spectrum of Sv− has the mass
gap MB of the order of the cutoff,
coshMB = 1 +
m20
2(1−m0)
, (m0 = 0.5). (16)
We also see that the quantum correction due to
the gauge fluctuation at one-loop does not affect
the leading short-distance nature. There is no
symmetry against the spectrum mass gap. There-
fore it seems quite reasonable to assume that it
holds true as λ becomes large. Since the overlap
correlation function does not depend on the gauge
freedom and does show the chiral spectrum[1], the
above fact means that the entire fermion spec-
trum is chiral.
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